In this paper, the problem of interface wave scattering by bottom undulations in the presence of a thin submerged vertical wall with a gap is investigated. The thin vertical wall with a gap is submerged in a lower fluid of finite depth with bottom undulations and the upper fluid is of infinite height separated by a common interface. In the method of solution, we use a simplified perturbation analysis and suitable applications of Green's integral theorem in the two fluid regions produce first-order reflection and transmission coefficients in terms of integrals involving the shape function describing the bottom undulations and solution of the scattering problem involving a submerged vertical wall present in the lower fluid of uniform finite depth. For sinusoidal bottom undulations, the first-order transmission coefficient vanishes identically. The corresponding first-order reflection coefficient is computed numerically by solving the zero-order reflection coefficient and a suitable application of multi-term Galerkin approximations. The numerical results of the zero-order and first-order reflection coefficients are depicted graphically against the wave number in a number of figures. An oscillatory nature is observed of firstorder reflection coefficient due to multiple interactions of the incident wave with bottom undulations, the edges of the submerged wall and the interface. The first-order reflection coefficient has a peak value for some particular value of the ratio of the incident wavelength and the bottom wavelength. The presence of the upper fluid has some significant effect on the reflection coefficients.
Introduction
Breakwaters are generally constructed to protect a harbor from the open sea. The thin vertical barriers are generally used as simple models of breakwaters to protect a sheltered area by reflecting back the incident waves into the rough sea. The problems of water wave diffraction by thin rigid barriers of various configurations are well studied in the literature by employing a number of mathematical techniques (cf. Dean [1] , Ursell [2] , Evans [3] , Porter [4] , Mandal and Kundu [5] , Mandal and Dolai [6] etc.). The problems of water wave scattering by an irregular bottom have received some considerable interest in the literature on linearised theory of water waves due to their importance in finding the effects of naturally occurring bottom obstacles such as sand ripples on the wave motion. There exists only one explicit solution for the twodimensional problem of wave propagation over a particular bottom topology considered by Roseau [7] . For general bed forms, various approximate numerical methods have been utilized in the literature. Such as the conformal mapping by which the undisturbed fluid region with a variable bottom is transformed into a uniform strip (cf. Kreisel [8] , Fitz-Gerald [9] , Hamilton [10] ), integral equation formulation to study surface wave propagation over variable bottom topology (cf. Newman [11] , Miles [12] ).
Research on this class of problems was aimed at investigating the mechanism of wave-induced mass transformed that forms sand ripples and these ripples produce reflected waves thus providing a model of break water to protect the offshore area. Davies [13] considered the problem of wave reflection by sinusoidal bottom undulations using the linear perturbation theory followed by an application of Fourier transform. He obtained the reflection and transmission coefficients from the behaviour of the velocity field at infinity and observed that when the wavelength of the sinusoidal undulations is half that of the incident wave, a significant amount of wave reflection occurs. Davies and Heathershaw [14] confirmed this theoretical result by conducting experiments in a water tank.
In the aforesaid problems, the bottom irregularity is the only hindrance to the propagation of surface gravity waves. Mandal and Gayen [15] investigated the problem of water wave scattering by bottom undulations in the presence of a thin partially immersed barrier. They used a perturbation method to the governing partial differential equation producing a series of boundary value problems (BVPs) for potential functions of increasing orders, of which they considered only the first two BVPs for the zero-order and firstorder. The solution for the zero-order problem was known in the literature (cf. Losada et al. [16] , Mandal and Dolai [6] , Porter and Evans [17] ). The first-order potential function satisfied a radiation problem in water of uniform finite depth involving first-order reflection and transmission coefficients in the radiation condition. Analytical expressions for these first-order coefficients were obtained by using Green's integral theorem in terms of integrals involving the shape function describing the bottom topology and the solution of the zero-order problem. The first-order reflection coefficient was obtained numerically by using multi-term Galerkin approximations and depicted graphically.
The above mentioned problems involve only a single fluid. However, interface wave problems arising out of two superposed immiscible homogeneous fluids which have been investigated in the literature are very few, may be due to the complexity in handling the coupled interface conditions. Staziker et al. [18] considered the problem of wave scattering by undulations of arbitrary shape at the bottom connecting two fluid regions of same uniform depth by employing the integral equation method. Maiti and Mandal [19] investigated the problem of scattering of waves obliquely incident on small cylindrical undulations at the bottom of a two-layer fluid wherein the upper layer has a free surface and the lower layer has a undulating bottom. A simplified perturbation analysis was used to obtain first-order reflection and transmission coefficients. Recently, Dolai and Dolai [20] considered the problem of interface wave diffraction by bottom undulations in the presence of a thin plate submerged in the lower fluid.
The problem of interface wave scattering by bottom undulations in the presence of a vertical wall with a gap is investigated in this paper. The wall with a gap is submerged in the lower fluid of finite depth with bottom undulations and the upper fluid is of infinite height separated by a common interface. In the method of solution, we use a simplified perturbation analysis and suitable applications of Green's integral theorem in the two fluid regions produce first-order reflection and transmission coefficients in terms of integrals involving the shape function describing the bottom undulations and solution of the scattering problem involving a submerged vertical wall present in the lower fluid of uniform finite depth. For sinusoidal bottom undulations, the first-order transmission coefficient vanishes identically. The corresponding first-order reflection coefficient is computed numerically by solving the zero-order reflection coefficient and suitable application of multi-term Galerkin approximations. The numerical results of zeroorder and first-order reflection coefficients are depicted graphically against the wave number in a number of figures and an oscillatory nature of first-order reflection coefficient is observed due to multiple interaction of the incident wave with bottom undulations, the edges of the submerged wall and the interface. The first-order reflection coefficient has peak value for some particular value of the ratio of the incident wavelength and the bottom wavelength. The presence of the upper fluid has some significant effect on the reflection coefficients.
Lamb [21] reported that in the mouths of some of the Norwegian fjords there exist layers of fresh water over salt water. This remark forms a basis for the practical interest in the problem considered here, wherein a two-fluid model is constructed to investigate the effect of the upper fluid on reflection and transmission coefficients for the classical problem of water wave scattering by a submerged vertical wall and bottom undulations. Also, this model may be used for practical purposes to find the effect of air on the reflection and transmission coefficients by interpreting the two fluid problems as an atmosphere-ocean system. However, as the ratio of the densities of air and water is 0.0013, this is too small to produce any appreciable effect on the reflection coefficients.
Formulation of the problem
We consider two dimensional irrotational motions in two immiscible, inviscid, homogeneous and incompressible superposed fluids, the lower fluid is of finite depth having small undulations at the bottom x   and  is a very small dimensionless parameter giving a measure of smallness of the bottom undulations. Let a thin vertical wall with a gap be submerged into the lower fluid below the mean interface. The position of the wall is described by ,
and very long in the z direction, so that the problem of ensuing motion is two dimensional and depends on , x y only. A simple sketch of the problem is given in Fig.1 . The incident wave train propagating at the interface from negative infinity is partially reflected by the wall and bottom undulations and transmitted through the gaps. Assuming the linear theory, the time harmonic progressive waves from negative infinity can be represented by the velocity potentials 
the condition on the wall
n denote the normal derivative, the edge condition
r is the distance from the submerged ends of the wall, and the infinity conditions
where T and R are, respectively, the unknown transmission and reflection coefficients and are to be determined.
The bottom condition (2.6) can be expressed approximately as
This suggests that a perturbation technique can be employed to solve the BVP described by Eqs (2.3) to (2.8) approximately. This is described in the next section.
Method of solution
The approximate boundary condition (2.9) suggests that , , , R T   can be expressed in terms of  as given by
, 
Substituting the expressions (3.1) in Eqs (2.3) to (2.5) and (2.7) to (2.9), we find after equating the coefficients of 
The functions ( , ) and ( , ) 1 1 x y x y   satisfy , , 
is bounded as , 
It may be noted that the BVP-I corresponds to the problem of interface wave scattering by a thin vertical wall with a gap submerged in the lower fluid of uniform finite depth h. In the absence of the upper fluid, this problem has been solved in the literature approximately in the sense that numerical estimates for 
The interface conditions satisfied by , x y x y    in the upper region described above, we find
Thus, both and 
where m is a positive integer. R also increases, becomes more oscillatory and the number of zeros also increases. This is due to multiple interactions of the incident wave between the ripple tops, the submerged wall and the interface. Figure 8 shows the effect of 
Numerical results

For numerical computations of
 However, the value of  for which | | 1 R attains its peak, is somewhat more than unity and the peak value reduces as the depth of the submerged wall increases. 
Conclusion
The problem of interface wave scattering by bottom undulations in the presence of a thin vertical submerged wall with a gap in the lower fluid is considered here by employing a simplified perturbation analysis. By suitable applications of Green's integral theorem in the two-fluid regions, the first-order reflection and transmission coefficients and 
Using Eq.(3.8) in the definition of ( ) g y in Eq.(A1), we find
The use of Havelock inversion theorem produces
Again, using Eq. 
